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The convergence of the Rayleigh-Ritz Method (RRM) or of CI calculations, re-
spectively, for the non-relativistic electronic Hamiltonian of molecules is investi-
gated using the conventional basis sets of Quantum Chemistry, such as systems of
Slater, Gauss and rwo-electron functions. Conditions for the choice of orbital
exponents with respect to Slater and Gauss orbitals are especially given, such that
the convergence is guaranteed. /nter alia, in Theorem 10 a proof of the convergence
of the RRM for a Hylleraas basis in s,t,u-coordinates is presented, a question which
is still being debated today.
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1. Introduction

When solving the electronic molecular Schrédinger equation by means of the Rayleigh-
Ritz Method (RRM) or a (I calculation, the suitable choice of a basis set is of the
greatest importance. This should be done such that the Ritz eigenvalues converge to the
exact ones with an increasing number of basis functions involved (“E-convergence’).

To guarantee this, using the conventional basis orbitals of Quantum Chemistry, such as
Slater and Gauss functions, the choice of the basis consists essentially in fixing a suit-
able sequence of non-linear parameters, the orbital exponents. For Slater functions,
these are usually chosen according to “Slater’s rules” [1] and for Gauss functions
according to Huzinaga’s “optimized” orbital exponents [2]. Such a procedure has
turned out to be reasonable; but since no calculation with an indefinitely increasing
number of basis functions can be performed, the question of ultimate K-convergence
can only be decided by a systematic mathematical investigation. From this, recipes

for the choice of orbital exponents of one- and more-centre basis orbitals will result.

Moreover, we investigate Slater and Gauss orbitals with single orbital exponents.

Aside from one-electron functions “essential” rwo-electron basis functions have been
used for the RRM, i.e. such functions which can not be written as a product of two
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orbitals, but which include the interelectronic distance as a coordinate. Functions of
this kind have been employed by Hylleraas [3], Kinoshita [4], Pekeris [5] and others
for the computation of the helium ground state. But it is an open question still today,
above all with respect to the Hylleraas basis in s,¢,u-coordinates, whether in this case
the RRM does converge (cf. [6-8]). In this paper we will definitely show this to be
the case.

As has been shown in the first part of this paper ([9], cited asI in the following), -
convergence is assured by a proof of completeness of the basis set in one of the spaces’
H, or Hy2 ; then convergence obtains for arbitrary molecules in any state; moreover,
the convergence of the wave functions in the norms of L? and H, is also ensured?.
Thus, first of all, we have to deal with the completeness of special sets of functions.

Some of the proofs of completeness and convergence have been omitted to save space.
They are contained in the thesis of the first author [13], some copies of which are
available upon request.

2. One-Dimensional Complete Basis Sets

Since orbitals are frequently a product of radial functions and spherical harmonics [cf.
Eq. (9)] it is useful to first investigate one-dimensional basis sets, which are complete
in L2. As measure spaces of L? we consider the whole real axis R, the positive real axis
R* and the intervals [0,1] and [-1,1].

A fundamental theorem for the proof of completeness is the Theorem of Miintz, a
generalization of Weierstrass” Approximation Theorem (cf. [10], p. 65). Formulated
for the space L*(0,1) it states (cf. [11], p. 52):

Lemma I (Theorem of Miintz)
Let {a(n)} =1 be a sequence of real numbers with a(r) > —%. Then the system (x*™};_,
is complete in L%(0, 1), iff (if and only if)

S [a(n) + £]/[e?(n) + 1] = soholds. ¢

n=1

From this lemma the completeness of the systems
{exp[~(mx]1n=r and  {xMPexp[-£i®1 1= &

can easily be obtained by a coordinate transformation (cf. [12], [13] pp. 63 and 64),
as shown by

Lemma 2
Let {¢(n)},,=1 be a sequence of positive numbers. Then the systems (1) are complete
in LYR™), iff

! For the definition of H 4 and H? see .
2 For details and some restrictions see L.
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holds. ¢

This lemma can be illustrated by some characteristic examples: The sets (1) are com-
plete in LY(RY),

1) iffin the case of monotonically increasing exponents £(n) the condition nzjl g in)=
holds, -

2) iff in the case of monotonically decreasing exponents () the condition 5 E(n)=o
holds, or nt

3) if {£&(n)},=1 has an accumulation point ¢ with 0 < § < oo,
Thus, the sets (1) are complete in L*([R™), if, for example,

gmy=n,n?nn? or 1+n7Y (3)
they are incomplete, if, for example,

S(n)=r12,n3,n_2 or n’3, 4)

A special property of the sets (1) is the fact that they are either incomplete or “over-
complete”, but never “exactly” complete3. As can be seen from the condition of
completeness [Eq. (2)], an infinite number of such functions can always be deleted
from a complete set (1) without changing the property of completeness.

A consequence of Lemma 2 is the following sufficient criterion of completeness,
which is an important foundation for proving the convergence of CI calculations in
a basis built up from Slater and Gauss orbitals (Proof: [13], p. 66):

Lemma 3

Let {£(m)},;=1 be a sequence of positive numbers having

1) an accumulation point & with 0 <§ <o, or
2) a monotonically increasing subsequence &(n;) —~ oo with X £ (n;) = o,
nj

Then the sets
tfexp[-gx]3n and O exp[—E(n?] 1 )
are complete in L>(R*) for any fixed k=0,1,2,... ¢

By this lemma the question of completeness cannot be decided for arbitrary sequences
£(n) such as {£(n) = n};;=,. But because of Lemma 2, the sets (5) are probably incomplete
for such a sequence of orbital exponents [cf. Eq. (4}].

We now consider systems of functions with a single orbital exponent:

3 For “‘overcompleteness” and “‘exact” completeness see [14].
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Lemma 4

Let £, k and ! be fixed constants with § >0,k=1,2,3,...and1=0,1,2, ... Then
the system

" exp[—£1x1 1o (6)
is complete in L(R). ¢

The proof of this lemma in the special case k¥ = 2 and I = 0 can be seen from the textbook
of Achieser and Glasmann [15], p. 33. All other cases are rather trivial generalizations
of this special case (cf. [13], pp. 68 and 69).

As a consequence of Lemma 4 we have the useful

Corollary

The system {x2"" exp(—£x*)}ie ¢ is complete in L2(R™) for any fixed £ >0,1=0,1,2, ...
andk=1,2,3,...

This assertion can be understood from the following fact: A system {¢,, ¥, In=0 of even
functions g, and odd functions ¥, is complete in the Hilbert space 1.2(—a, @) with ¢ € R*,
iff both {, }p=0 and {¥/,, }n=¢ are complete in L2(0, a) (Proof: [13], p. 71). Now the
corollary follows from Lemma 4, if one identifies {9, }n~¢ with the set of the corollary
and (Y, )0 With the set {x2* 1 exp(—£x*)} e o for even I and vice versa for odd /. ¢

If one is interested in linear combinations of complete sets, the following lemma is
useful, it is valid for arbitrary Hilbert spaces H (Proof: [13], p. 73):

Lemma 5

Let {¢, }n=1 be a complete system in a Hilbert space H. Moreover, let Ay (1 <u<n)
be arbitrary complex numbers with a,,,, # 0. Then the system

n
Wa= 21 [ ‘Pu};;;l (N
=
is also complete in H. ¢

The orthogonalization of complete basis sets is one of the numerous problems to
which Lemma 5 can be applied: if, for instance, {y,}n=1is complete in H, then the
appropriate orthonormalized system, obtained from the Schmidt procedure, is also
complete in H.

A special application is to the set of Legendre polynomials
{Palcos }n=0 (®

in the Hilbert space L2y (0, ), i.e. the space of all quadratically integrable functions

in the interval [0, 7] with the weight function sin 9. Since both systems {x?"};r=o and
X271 are complete in L2(0, 1) because of Lemma 1, {x" };;=¢ is complete in L2(—1,1).
Thus {Pn(x)}n=o is complete in L?(—1, 1) by Lemma 5; finally, by a coordinate trans-
formation (x = cos §) the completeness of (8) in L2y, 5(0, 7) follows.
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3. More-Dimensional Complete Basis Sets
Basis orbitals for the space L>(R?®) are frequently of the form

Gt 7) = Rog(") Vi (9, 9), )

where (r, 9, v) are spherical coordinates, Y}, the spherical harmonics (cf. e.g. [16], p.
84) and R,,; any set of radial functions, which remains to be defined.

We now ask: Under which conditions on the radial functions is the system {,;,,} com-
plete in L2(R3)? And, above all: Under which conditions does a CI calculation, as
described in I, Sect. 8, converge in this basis?

With respect to the question of completeness the following lemma is valid:

Lemma 6

Let {Ry(r)}nerq be a system of radial functions, where /(/) denotes a set of indices
for each fixed 7= 0, 1, 2, . . . Then the orbital basis

{nim (1) = RN Y1, (8, O)nery  foralll =0, |m| <! (10)
is complete in L?( R®), iff {rRu(r)}ner(y is complete in L*(R") for each |

Proof

Let {rR,,(r)}ner( be complete in L*(R") for each I. Then by Lemma 2 of Part I
{Rui(r)}ner(ry is complete in L% ie. the space of all quadratically integrable functions
in R* with the weight function 2. Thus the completeness of (10) follows from the
completeness of the spherical harmonics by a theorem of Rellich ({17], p. 8).

If, on the other hand, {rR /(") }ner() is incomplete for a single / = &, there exists a
gE€L*(R") orthogonal to this set in the scalar product of L2(R"). Therefore,

J)=r""gnY o (3, 9) (11)
is orthogonal to (10) in the scalar product of L*(R?), i.e. (10) is incomplete in L2(R?).

This lemma can easily be generalized to the case of two-particle functions:

Lemma 7
The set
Suon(71:72) Yim (91, 01) Yau(92, 02)}  n€I(D), vEI(A);
forall LAZ 0, Im| <1, lul<n  (12)
is complete in L2(R®), iff the sets
{r172Suon (1, F2) kneray,ver’ (1 (13)
are complete in L2(R* x R") foreach Jand \. ¢
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After these completeness investigations we now turn to the problem of convergence
of CI calculations for the basis (10); here we will make use of the important

Lemma 8

Let the sets of radial functions {R(r)},<s(;) be defined for each/=0, 1,2, .. .such
that
d> 1d Ii+1)

1
Ay(c, r)Rufr) = f[c*idrz" car o }Rnl(")

(14)

is complete in L*(R") for any ¢ > O and each /=0, 1, 2, . . . Then the set (10) is
complete in Hy2 (R>) and a CI calculation converges in this basis by Kato’s criterion
of convergence (cf. I, Theorem 8).

Proof

By Theorem 8 of Part I the completeness of the system {(c + )Ry Y} in L2(R?)
has to be shown for ¢ > 0, where 7 is the one-particle kinetic energy operator. Since
the spherical harmonics are eigenfunctions of the angular momentum operator, we
obtain, after a short calculation,

(c+ DRuY1m =77 A1(¢, YRw(r)Yim (9, ). (15)
Thus, the assertion follows from the assumed completeness of (14) by Lemma 6. 4

Analogously to Lemma 6, a theorem of completeness can be proved which is of great
importance with respect to the two-particle basis sets used by Hylleraas. Its proof (cf.
[13], p. 74) mainly makes use of the completeness of the Legendre polynomials

[Eq. (8)].

Lemma 9

Let L2Hyn be the Hilbert space
oo oo m
2 2 . 2
I f dryri dryrs jdl? sin 1f(ry, rp, 9)1 2 < oo}, (16)
o0 b

[f(r1772=19)

With P;(x) the Legendre polynomials and I(!) sets of indices,
{Snl(rla r2) P](COS 19)}”6[(1) forall/ >0 (17)

is complete in LzHyu, iff {ry72 Sulry, r2)Inery is complete in L*(R* x R¥) for each
1=0,1,2,... ¢

4. One-Centre Slater-Type Basis Orbitals
The radial functions of one-centre Slater-type orbitals are of the form

Ror) = exp[—£(n, Dr] (18)
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with suitably chosen orbital exponents &(n, /) and “generalized” total quantum
numbers o), mostly fixed to be a(n) = n (n = 0).

Investigating the convergence of CI calculations it is reasonable to treat two cases
separately:

1) We choose a sequence of orbital exponents and a(n) = 0, or
2) we choose an) = n and a single orbital exponent for each! &(n, ) = &(0).

The convergence can be shown for both cases separately. Of course, in order to yield
a greater speed of convergence one can combine both cases.

The completeness of the basis set
{exp[—&(n, Dr] Y1 (9, 90)}  foralln=>1,120, im|<I (19)

in L2(R>) is immediately seen from Lemmas 3 and 6, if the orbital exponents fulfil

the following conditions: Let the positive sequences {£(n, /)},,-; foreach7=0,1,2, . ..
have

1) an accumulation point £(7) with 0 < £(J) < e, or

2) a monotonically indefinitely increasing subsequence

[y Dby with 3 £, 1) = .

The convergence will be proved under more restrictive conditions for the orbital
exponents. Essentially, the proof rests on the identity theorem of analytic functions
(cf. [24], p. 87); therefore, only such sequences {£(n, [)}=; can be considered, which
have at least one finite accumulation point for each 7 *.

Theorem 1

Let the sequences of positive numbers {§(n, 1)},,=; have an accumulation point (/)
with 0 <£(/) <eeforeach/=0, 1,2, ... Then the orbital basis (19) is complete in
H,42(R?) and CI calculations in this basis are convergent.

Proof
By Lemma 8 we have to show the completeness of

(e, /lexp[—E(m, Dr] = [(c — 38%(n, D)r + (1 + D, D] Pexp[—&(m, Dr] Yom,
(20)

in LYR™) for each /. Therefore, we choose functions f; € L*(R*), which are orthogonal
to the set (20) relative to the scalar product of L2(R") and show that® f; = ©:

4 Otherwise, Weierstrass’ factor theorem had to be applied; but in this case the proof of convergence
fails.

s © denotes the zero element of the space L2.
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For this purpose we define the functions®
82) = (flle = 22°)r + (1 + Dzl rlexp[2r]) gt 2]

which are analytic in the positive complex half-plane Re(z) > 0. Because of the definition
of f; we have for each /

G, 1)=0, (@=>1). 22)

As the sequences {#(n, I)} have an accumulation point in the region of analyticity
Re(z) > 0, the g;(z) vanish identically in Re(z) > 0 by the identity theorem of analytic
functions. Thus, their first and second derivatives also vanish identically and we obtain,
after a short calculation,

—(fis M exp(—2r)mt = 81(2) + 228}(2) + (1 +2)2) =0, (Re(z) >0) (23)

Putting z = &(n, [) into (23), f;= © follows from Lemma 3. ¢

The assumptions of this theorem are fulfilled, for instance, if all the &(n, [) are
numbers in a fixed “interval of convergence”

0 <Epin <En, ) <ipay <oo, (24)

since the sequences {£(, /)},=; then have an accumulation point in the interval
[Emin»> $max] by the theorem of Bolzano-Weierstrass.

The conditions of Theorem 1 for the orbital exponents are, however, only sufficient.
Thus, a CI calculation might be convergent in the basis (19) even for sequences like
gn,)=nor nt

A less usual orbital type is the “anisotropic” Slater function of Eq. (25). The conditions
of convergence for such a basis are quite similar to those for the basis (19):

Theorem 2 (Proof: see {131, p. 90)

Let the orbital exponents {§;(n)}y<1, with i = x, y, z, each have a finite accumulation
point. Then the system

{(I,x,y, zZ, XYy, Xz, Yz, xyz) : eXP[—Ex(”) fxf ~— Sy(m) (y[ - Sz(l) IZI] };Zm,l=1 (25)

is complete in A, (R?) and CI calculations converge by Michlin’s criterion of con-
vergence (cf. I, Theorem 7). ¢

We now consider Slater functions with a single orbital exponent § > 0:
" exp(—E) Yy Yoen foralll>0, Iml<L (26)

Because of Lemmas 4 and 6, the basis (26) is complete in L*(R>) for any fixed n’ = 0,
1,2,...The convergence is guaranteed by the

e The index R™ of the scalar product says that it is a scalar product of the space L2(rM).
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Theorem 3

The Slater basis (26) is complete in Hy2 (R>) for #n' = 0 and CI calculations are con-
vergent in this basis.

Proof:
By Lemma 8 the completeness of {4,(c, F)Rni(F)}n=0, i-e. of

27
¥ 22 @7

[r"+l+1exp(~2r) [c A %Ez + (ntl+1)f n(n+2+ 1)}}

n=0
in L2(R*) has to be shown for each /=0, 1,2, . . . Choosing especially ¢ = £2)2, this
follows at once from Lemmas 4 and 5. ¢

As a consequence of this theorem we can now prove the convergence of CI calculations
in the basis

"y 2l exp(—£n)}r m. =0, X"y ™ 2 exp(—Er) }r . 1= 0 - (28)

The first part of the system (28) is already complete in L2(R?) (cf. [13], p. 94), for
convergence both parts have to be taken into account:

Theorem 4

The system (28) with £ > 0 is complete in H,2(R>) and CI calculations in this basis
are convergent.

Proof
Because of Part I, Theorem 8, we choose an f€L?(R>), such that
(f, (c + Dx"y™ zlexp(—£r)) = 0
(f, (c + Dx"y™z'exp(~-&r)) = 0 (29)

is valid for all #, m, 1 > 0 and show that® f= ©. Now, any function of the form
r”+}‘exp(~§r)Y;\“ can be written as a finite linear combination of functions of the
system (28). Thus, from (29) it follows that

(f, (c+ B Vexp(—£ Y1, )=0  foralln>0,1>0,|m|< ] (30)
and therefore =0 by Theorem 3. ¢

5. One-Centre Gaussian Basis Orbitals

The many uses of Gauss-type basis orbitals are mainly due to the fact that all molecular
integrals, including the 3- and 4-centre forms, can be evaluated analytically. On the
other hand, Gaussians have the wrong behaviour for small and large r: For r = 0 they
have no cusp like an exact wave function (cf. [18]) and for r = oo they decrease too
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quickly. These “unphysical” properties cause a slower convergence of Cl calculations
as compared with the convergence behaviour using a Slater-type basis.

Firstly, we investigate Gaussians with variable orbital exponents:
{Pexp[—£(n, DP Yy (d,0)}  foralln>1,1>0,|m|<I. (31)

The completeness of this system in L*(R?>) is ensured by Lemmas 3 and 6 if the
orbital exponents fulfil the following conditions for each fixed I: Let {#(n, I)},;=; have

1) an accumulation point £(J) with 0 < £(7) < oo, or

2) an indefinitely increasing subsequence £(n;, {) with Zp; £ (ny, Iy = oo, or

3) asubsequence &(n;, [) decreasing monotonically to zero with Z, £(n;, [) = .

The case 3), which is not a direct consequence of Lemma 3, can be reduced to case 2)
by a Fourier transformation (cf. {13], p. 97).

Now the important theorem concerning the convergence with Gaussians is:

Theorem 5 (Proof: see {13}, p. 98)

Let the sequences {&(n, [)};,=1 of positive orbital exponents for each / have

1) an accumulation point () with 0 <§(7) <ee, or
2) asubsequence £(n;, /) decreasing monotonically to zero with 2, &(n;, 1) = *°.

Then the set of Gaussian orbitals (31) is complete in H42 (R?) and CI calculations in
this basis are convergent. ¢

Theorem 5 guarantees the convergence of a CI calculation for arbitrary molecules and
states in the Gaussian basis (31), provided that the orbital exponents fulfil the con-
ditions of Theorem 5. This is the case, if, for instance,

1) all orbital exponents belong to a fixed interval of convergence [cf. Eq. (24)], or
2) &n, Dh=n"torn 12

Of course, it is always possible to add to such a sequence of orbital exponents additional
values. These do not destroy the convergence but may be used to increase its speed.

As an example of such a case we consider the “optimized” orbital exponents given by
Huzinaga [2] for different atoms. As far as can be seen from such finite sets, they can
be divided into two sub-sequences, one of which has an accumulation point at zero or
near zero, which is responsible for the convergence, while the other increases indefinitely
and describes the cusp.

We now turn to Gaussians with single orbital exponents:
7 exp [ 8Dr*] Vi (9, 0)} forallm>n',120,|mIi<L (32)

The completeness of (32) in L*(R?) for fixed n' =0, 1, 2, . . . and positive £(/) follows
from Lemma 6 and the corollary of Lemma 4. The convergence is guaranteed by the
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Theorem 6 (Proof: see {13],p. 101)

The basis of Gaussian orbitals (32) with n’ = 0 and £(/) > 0 is complete in H 2 (R>)
and CI calculations in this basis are convergent. ¢

Through Theorems 5 and 6 the convergence of CI calculations is ensured even if one
takes a combination of the two sets (31) and (32) as a basis.

Finally, we consider a system quite analogous to Eq. (28):
&y exp(—3 8 )} m, 1= 0- 33)

Theorem 7

The orbital basis (33) is complete in Hy2 (R %) and CI calculations in this basis are
convergent.

Proof

The completeness of {H,,(x) exp(—£x2/2)}n=0 in Hy2(R) has been proved by Kato
[19], H,(x) being the Hermite polynomials (cf. [10], p. 91). Thus, the completeness
of {x" exp(—£x?2/2)} =0 in Hs2(R) follows from Lemma S5, and the assertion of the
theorem follows from a lemma mentioned” inI. ¢

It should be emphasized that all convergence conditions, especially those concerning the
choice of orbital exponents, should only be considered as mathematical guidelines. They
should be fulfilled, but even then there is still considerable freedom in their choice
leaving room for physical arguments like Slater’s rules or optimization procedures.

6. Many-Centre Basis Orbitals

The criteria of convergence of Michlin and Kato (cf. Part I, Theorems 7 and 8) are
valid for both atoms and molecules; the number of centres does not play a role in
their formulation. Therefore CI calculations converge already in a one-centre orbital
basis for arbitrary molecules if one of the criteria proved above is fulfilled. Once the
convergence is assured, adding further orbitals at other centres changes nothing.
However, in this way, the speed of convergence can be considerably enhanced.

Moreover, there are no special conditions of convergence which are characteristic of
many-centre orbitals. Let us, for instance, consider a two-centre orbital basis of
Slater functions or Gaussians according to Eqs. (19) and (31}, {§4(#, D)},=1 and
{¢p(n, I)}7/=1 being their orbital exponents at the two centres 4 and B each having an
accumulation point. Thus the CI calculation is convergent using the subsets at centre
A or B alone. Deleting orbital exponents from the sequences {& 4 (n, [)};;=1 and
{¢5(n, D}y=y, E-convergence is preserved for both subsets as long as both still have
an accumulation point. The convergence is also preserved if only one sub-sequence,

7.
It is a lemma analogous to Lemma 6 of Part I, where H 4 has to be replaced by H42.
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{84 (n, D}n=q o1 {£(n, [)};=1, has an accumulation point, but E-convergence is
destroyed if none of the sub-sequences has an accumulation point. The case that the
CI calculation is E-convergent neither in the basis functions of centre A nor of B but
is E-convergent in the total basis, does not occur.

7. Two-Electron Basis Functions

Using “essential” two-electron functions, high accuracy can be achieved by the RRM
already with only a few basis functions. These functions include the interelectronic
distance ry4 as a coordinate; therefore correlation effects are taken into account even
by a single function.

Examples of such functions are those which have been used by Hylleraas [3],
Kinoshita [4] and Pekeris {5] for the computation of the helium ground state.

However, the question of convergence for these calculations has remained unsolved,
if not debatable, even today. Expanding the exact ground-state eigenfunction u
in a basis of Hylleraas functions ®y [cf. Eq. (48)],

u= z ck’q)ka (34)
&

and putting (34) into the Schrédinger equation, one obtains a recursion formula for
the ¢ [6] which does not allow them to be determined without contradiction. It
was therefore believed that the RRM in the Hylleraas basis {®;} 5=, could not be
E-convergent. Attempts [7, 8] to prove this convergence have not been successful
until now. In the following, this long-standing question will be positively resolved.

7.1 Hydrogen-Like Orbitals

To prove the convergence for two-electron basis sets, as a first step we consider once
more an orbital basis: the hydrogen-like functions (35).

As is well known, the discrete eigenfunctions of the hydrogen atom do not form a
complete set in L2(R3) because of the continuous spectrum. They are therefore
unsuitable as a basis for the RRM. That is why Hylleraas proposed to use modified
hydrogen-like basis functions:

{nim @) = Ru(r) Yy (8, ®)
= /LD (&) exp(—3 8N Yim (8, 0)}  foralln >1>0,m| <L (35)

The exact hydrogen eigenfunctions differ from the ,;,, by an orbital exponent &(n) =

2/n varying with n. Moreover, the y,;;,, are orthogonal with the weight factor r L

We next prove

Theorem 8

The set of hydrogen-like functions (35) with £ > 0 is complete in H42 (R®) and CI
calculations converge in this basis.
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Proof

The radial functions R,;;(7), as defined in Eq. (35), fulfil the differential equation
(cf. 3], p-17)
d*> 2d Ii+1) 1
Tt T
dr® rdr 4 4

£+ sﬂan =0. (36)

Because of Lemma 8 we have to show the completeness of {4,(c, #) Rpi(F)}n=s+1in
L*(R") foreach /=0, 1,2, ..., 1i.e.using Eq. (36) the completeness of

1, 1.n -
Ale, r)Rnl(r)zr C_-§2+_§_Rnl(r)} - (37
8 2°r n=Il+1
Choosing especially ¢ = £2/8, this can be seen immediately by Lemmas 4 and 5. ¢

From this theorem a useful consequence can be drawn:

Lemma 10

Let the radial functions R,,,(r) be defined as in Eq. (35) and & > 0. Then the system
{(nry + vr)Rps(r)Ryi(r2)} for all # and v >1 (38)

is complete in L2(R* x R*) for each fixed /=0,1,2,... ¢

The proof of Lemma 10 makes use of Theorem 8 and Lemma 7 of this paper and
Lemma 3 of Part I (cf. [13], p. 108).

7.2 Hylleraas-Basis in rq, vy, 9-Coordinates
The Helium atom can be described by the following choice of coordinates:

1) the distances ry, 7, of both electrons from the nucleus and the angle ¢ subtended
by the vectorszy and 75 ;

2) the three Eulerian angles describing the position of the triangle subtended by
(rls r2, 19)

If one is interested only in S-states, which are independent of the orientation of this
triangle, the six-dimensional problem can be reduced to a three-dimensional one: all
basis functions in question need only depend on the coordinates 71, 7, and ¢. The
norm of such a special function f € L*(R®) can be written as (cf. [3], p. 19; [21],
p. 1737):

112 =80 [ drrd [ drord [ @9 sin 9 17, 72, )12 = g, (39)
0 0 0

Through this norm a new Hilbert space is induced, namely the space L%—Iylb defined
by Eq. (16), which consists of all S-functions of L*(R®).

In these coordinates the kinetic energy operator takes the form

ff= 4@+ 2D forf€ Ly o
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where A; (j = 1, 2) is the modified Laplacian

_lo 0, 1 0 2
Trfor; b oor; r?sin 90 ) (41)

A
Now, Hylleraas used the following set of two-electron S-functions:

{Ru(r)R 1i(72) Py (cos 9)} forallm,»>120 (42)
where the R,,(r) are defined asin Eq. (35) and the P, are the Legendre polynomials.

The convergence of the RRM is ensured by

Theorem 9

The Hylleraas basis (42) is complete in the subspace of all S-functions of H,2( R®) and the
RRM converges in this basis for any S-state.

Proof
It has to be shown that

{(c + TYRp(r)R () P(cos 9)} foralln, v >0 43)

is complete in Lzﬂyu. For convenience we choose ¢ = £2/4; using the differential equation
of the Legendre polynomials

1 d d
- 2 - =[]+
g sin ¢ P (cos ) Il I)Pl(cos &) (44)

and the Egs. (36), (40) and (41) we obtain after a short calculation

G+ T) Rug(r) Rus(r2) Pi(cos 9) = 3 E(i”f ;V;) Rai(r) Ryi(r2) Py (cos 3). (45)

Thus by Lemma 9 the completeness of

nov
{r1r2 (r— + ;T)Rnl(rl) R, ,(r2)} foralin, v >1 ‘ (46)
1 2
in L2(R" x R") remains to be shown for each /=0, 1,2, . .. This, however, has

already been done through Lemma 10 of this paper. ¢

With this theorem any doubts about the convergence of the RRM for S-states in the
basis (42) (cf. [3], p. 18) have turned out to be groundless.

7.3. Hylleraas-Basis in s, t, u-Coordinates

Hylleraas [22] obtained much better results for the helium ground state with the
coordinates:
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s:rl+r2 O<S<°°
t=—ritr, O0<tr<u
u=rp=0%+r2 = 2rrycos M2 0<u<s. 47)

We now show the RRM to be convergent in the Hylleraas basis
{exp(—4 £5) " t™u'} foralln, m, 1> 0. (48)

This is already true if only functions with even [ are used.

Theorem 10

Let £ be positive. Then {exp(—3£s) " £ u* } 1, =0 is complete in the subspace of all
S-functions of H,2 (R®) and the RRM is convergent in this basis for any S-state.

Proof
Let fbe an element of L%{yn with the property that®
(f, (c + T) exp(—58)s" ™ u? Yy = 0 (49)

for all n, m, I 2 0. By Theorem 3 of Part I f= O has to be shown. For this purpose
we go over from s, ¢, u to ry, 1y, 9-coordinates®

(f, (¢ + T) exp[ 31+ 1)) (g + 1) (=11 + 1) (2 + 13 — 2ry 7y c0s 9))eyn = 0.

(50)

As can be easily seen (cf. [13], p. 182), the functions 75 7% can be written for each
p,q=0,1,2,...asa finite linear combination of (r{+#,)"(—r + 7)™, wherep+ g =
m + n. Thus, from (50) we get

(f, (e + Ty exp[—3(r1 + ] AR (1 + 75 — 217508 8))pryyy = 0. (51)
If we write down this equation for /=0, 1, 2, . . . and solve it successively, we obtain
foreachp,q,k=0,1,2,.

(fs (e + Ty exp[--4(ry + ”2)]”p+k 57 cos* Muyn = 0. (52)
Since the R,,(r) of Eq. (35) are finite linear combinations of the set

{7 exp(—3 &n1pZo (53)
if follows from Eq. (52) that

(£, (¢ + D) Ru(r) Ror(r) Py (c0s 9y = 0 (54)

for all n, v > 12 0. Consequently, we have f= @ by theorem 9. ¢

Although the basis functions (48) with odd / are not necessary for convergence, they
are still important. They are responsible for an adequate approximation of the correla-

8 The index “Hyll” of Eq. (49) indicates that it is a scalar product of the space LHyll
9 Strictly, in Eq. (50) fmstead of fhad to-be written, where f(rl, 7y, 9)= (s, 1, u).
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tion cusp'® and therefore contribute to a high speed of convergence. Schwartz [23]
achieved even higher speed using half-integral powers of  in his calculations.

It should be clear that for the computation of !S-states only functions with even m
and for 3S-states only those with odd m have to be used.

7.4 Kinoshita Basis

An extension of the Hylleraas basis (48) is Kinoshita’s basis

m ne
s (] N

The Hylleraas basis (48) is a subset of (55) restricted to n 2 m > 1 2 0. Therefore the
RRM is convergent in the basis (55) as well as by Theorem 10.

As Kinoshita has shown, the exact wave function u can be expanded in his basis (55)
according to Eq. (34), i.e. the expansion coefficients can indeed be determined without
any contradiction, different from the case of the Hylleraas basis (48). Thus we con-
clude that there is no direct correspondence between the questions of expansion of
wave functions and E-convergence.

7.5 Pekeris Basis

The basis functions of Pekeris [5] are written in “perimetric” coordinates:

x=%(u - f)=2l("12+r1*”2)
y=su+t)=3rp—rtr) 0<xyz<e

Z=5—U =r1+r2—712 (56)
The basis set is of the form
{Ln(X)L ()L (2) exp [_% Ext+y+ z)] }:,m,l=0a (57

L, being the Laguerre polynomials of degree n. The convergence is guaranteed by

Theorem 11 {cf. [13], p. 116)

Let £ be positive. Then the Pekeris basis (57) is complete in the subspace of all S-
functions of Hy2 (R®) and the RRM is convergent in this basis for any S-state.

The proof of this theorem can be reduced to Theorem 10 by taking the fact into
account that the Pekeris functions of Eq. (57) can be written as finite linear combinations
of the Hylleraas functions of Eq. (48).

10 For the correlation cusp of molecular wave functions see [18].
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